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The last decade has witnessed tremendous effort in development of various correction

methods to account for the missing London dispersion interactions in conventional Kohn-

Sham DFT calculations. Two types of approaches are used. One can use specific non-local

correlation functional that approximately accounts for dispersion interactions, as originally

developed by Dion et al.1 and improved in subsequent works.2,3 The other group of metods

encompasses additive correction schemes, in which dispersion energy is included on top

of “conventional” DFT results. These methods (a hierarchy of which is briefly addressed

below) typically allow a relatively easy implementation in the codes, and do not increase

the calculation time considerably. A number of such schemes became available in the VASP

package.4–8 We note that there is no implicit potenial, band structures etc. associated to

these schemes, but just the total energy (elaborated, in some cases, to yield corresponding

forces). Consequently, the properties affected concern just the equilibrium geometry.

The need to account for disperse interactions, not automatically included in the current

XC schemes, can be met by a number of “technical” solutions. We note however that they

are not suggestions for a true XC functional with its implicit potenial, band structures etc.,

but just an additional term to total energy (elaborated, in some cases, to yield corresponding

forces). The application of the schemes discussed below affects the equilibrium geometry.

In the DFT+D2 approach of Grimme9,

EDFT+D2 = EDFT − s6

∑
A,B
∈ cell

∑
τ

′ CAB
6

|rA−rB + τ |6
fdmp(|rA−rB + τ |) , (1)

where the summation is over (A,B) atom pairs, including lattice translations τ besides those

(hence
∑′) whereby an atom would interact with itself. The damping function of distance

fdmp(r) will come about in all schemes; its role is to remove the unphysical divergence of

∼r−6 at small distances and smoothly pass into a constant at distances where the vdW radii

of close atoms would touch. In the original D2 scheme (and in many others since then), the
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damping is taken of Fermi-type, fdmp(r) = [1 + e−d(r/RAB−1)]−1. The dispersion coefficients

CAB
6 =

√
CA

6 C
B
6 (2)

and vdW radii RAB = RA + RB are constructed from single-atom parameters; s6 and d are

global constants – see Ref. 4 for details of realisation in VASP.

The DFT+D3 approach by Grimme et al.10 adds the term inversely proportional to

the 8th power of interatomic distance, with appropriately parametrised (and different from

that in the DFT+D2 scheme) damping function, that was originally due to Chai and Head-

Gordon.11 Moreover, three-atom interactions were suggested to be included:

EDFT+D3 = EDFT −
∑
A,B
∈ cell

∑
τ

′ ∑
n=6,8

sn
CAB
n

|rA−rB + τ |n
fdmp,n(|rA−rB + τ |) ,

−
∑

A,B,C
∈ cell

∑
τ1,τ2

′ CABC
9

(rBCrCArAB)3

(
3 cosϑCAB cosϑCBA cosϑACB + 1)fd(3)(r̄

)
;

fdmp,n(r) =

[
1 + 6

(
r

sr,nRAB
0

)−αn
]−1

. (3)

– Check the 3-at. terms – formula and realisation in VASP! [Ref.?] –

The calculation of the dispersion coefficients CAB
n , the choice of cutoff radii RAB

0 with their

scaling factors sr,n, the “steepness parameters” αn and the other atom-dependent parameters

are discussed in Ref. 10.

A subsequent suggestion by Grimme et al.12 was to modify (yet again) the damping

function of the DFT+D3 scheme, following the model suggestied by Johnson and Becke13, in

order to remove the unphisical dip in the dispersion energy near the equilibrium interatomic

distance, that generates a slight parasitic repulsion on bringing the atoms closer. In reality,

the repulsion at small distances must be brought about within DFT, and does not need any

“help” from the dispersion interaction. In the resulting D3-BJ scheme (which does not

specifically address the 3-atom terms from the DFT+D3),

EDFT+D3−BJ = EDFT −
∑
A,B
∈ cell

∑
τ

′
[
s6

CAB
6

|rA−rB+τ |6 + [f(RAB
0 )]6

+ s8
CAB

8

|rA−rB+τ |8 + [f(RAB
0 )]8

]
,

with f(RAB
0 ) = a1R

AB
0 + a2 and RAB

0 =

√
CAB

8

CAB
6

. (4)
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Tkatchenko and Scheffler (TS, Ref. 14) suggested a different “averaging”of the CAB
6 pa-

rameters in the generic formula of the Grimme D2 scheme (1) from the individual atomic

ones than that given by Eq. (2) by way of taking into account atom polarisabilities, assum-

ing their (simplified) frequency dependence, and hence making the result dependent on the

actual charge density distribution. In the TS scheme,

CAB
6 =

2CA
6 C

B
6

(α0
B/α

0
A)CA

6 + (α0
A/α

0
B)CB

6

, (5)

α0
A,B being the static polarisabilities of respective atoms. Moreover TS addressed the issue

of how these parameters have to be modified when coming from isolated (free) atoms to the

situation in solid, described by charge density n(r). The “effective” values of CA,B
6 are

C
A[eff.]
6 =

(
V

[eff.]
A

V
[free]

A

)2

C
A[free]
6 ,

where
V

[eff.]
A

V
[free]

A

=

∫
r3wA(r)n(r) dr∫
r3 n

[free]
A (r) dr

, (6)

the “shrinking” of volume occupied by an atom in molecular or crystalline environment,

depends on the “genuine” charge density in the system n(r) and is expressed via the Hirshfeld

atomic partitioning15 weight

wA(r) =
n

[free]
A (r)∑

∀ atoms B

n
[free]
B (r)

. (7)

for a given atom, from the comparison with reference overlapping densities of free atoms.

Finally, the vdW radius entering the damping function needs to be modified for an “atom

in molecule” with respect to the free-atom situation:

R
AB[eff.]
0 = R

A[eff.]
0 +R

B[eff.]
0 ; R

A[eff.]
0 =

(
V

[eff.]
A

V
[free]

A

)1/3

R
A[free]
0 (8)

The realisation of the TS scheme in VASP with corresponding tests is described in Ref. 16.

In view of the obvious dependence of the partitioning outcome in Eq. (7) on the refer-

ence charge densities of free atoms, that might lead to problems when treating systems with

different ionicity or bonding character, Bučko et al.5,6 suggested to use “iterative Hirshfeld

partitioning”, earlier proposed by Bultinck et al.17, on top of the TS method. In this ap-

proach, the initial composition of “promolecular density” from free-atom parts is practically

without importance, since it is iteratively refined in a well defined procedure, which makes
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reference to the total charge density and “optimizes” the n
[free]
A (r) contributions, along with

their corresponding partitioning weights wA(r), until the partitioning becomes unambiguous.

This scheme is refered to as TS/HI in the following.

A bunch of methods, referred to as MBD for “many-body dispersion”, bypass the re-

finement of phenomenological parameters and goes directly for the results expected, under

some approximations, from the behavior of polarisability functions. With the model that

many-atom system is represented, in what regards its response function, by a system of

quantum harmonic oscillators (see details in Ref. 18), the dispersion energy is7,19

Edisp = − 1

2π

∞∫
0

dωTr [ln(1−A(ω)T)] , (9)

where T is the dipole interaction tensor, which is (for atoms A,B connected by rAB; α and

β numbering Cartesian coordinates):

Tαβ
AB = fdmp(|rAB|)

−3rαABr
β
AB + |rAB|2δαβ

|rAB|5
, (10)

and A = δABδ
αβαA(ω) is a diagonal matrix of single-atom polarisabilities. The damping

function fdmp(r) in Eq. (10) leaves only the long-range part, i.e., |rAB| of the order of, or

larger than, the “range separation parameter”, that is typically taken slightly smaller than

the sum of vDW radii of interacting atoms, see details in Ref. 7. Now, the single-atom

polarisabilities αA(ω) entering the construction of A(ω) must in fact be screened, that can

be attained by solving the self-consistent screening (SCS) equation, see details in Ref. 18:

αSCS
A (ω) = αTS

A (ω)

1 +
∑

atoms B
(+transl.)

TAB α
SCS
B (ω)

 . (11)

check the sign: [1+sum ...] in Ref. 18, however [1 − TA] (Eq. 8) in Ref. 7 !

αTS(ω) is the model single-atom polarisability assumed in the derivation of TS (Eq. 3 in

Ref. 14). After solving the matrix equation (11), the screened expressions for α may replace

the bare single-atom polarisabilities αA in the formulation of the TS scheme, and accordingly

modify the definition of the CA
6 and RA

0 parameters, that results in the TS-SCS model.

Otherwise, with yet the damping function in Eq. (10) somehow specified, the dispersion

energy follows from Eq. (9) without assuming any special shape of the radial dependence of

the dispersion interaction. This would be (an example of) a genuine MBD scheme; details

of its realisation in VASP are outlined in Ref. 7.
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An importance to generalize atomic-related polatisability over the case of variable electron

number (and hence ionicity), discussed by Gould et al.,8 resulted in demonstration that the

polarizability is piecewise linear in the electron number, and in revision of implementation

details of substantial formulae of the MBD scheme, notably Eq. (9,11). The technical details,

the realisation within VASP and test results for this scheme labelled MBD/FI (for ractional

Ions) are given in Ref. 8.

The WIEN2k code allows the use of D3 corrections after Grimme et al.10 via inclusion

of an auxuliary code; otherwise, non-local corrections are implemented after the scheme

by Dion et al.1 and following the “efficient implementation” by Román-Pérez and Soler,20

the details of which, in what concerns the implementation in WIEN2k and extensive tests

e.g. agains VASP, are explained by Tran et al.21 A number of non-local kernels is provided

in WIEN2k. For practical reasons, we did all the tests concerning the inclusion of vdW

interactions in VASP.
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