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Example 1. Consider the curve parametrized by

~r (t) =
(
t + 3, t2 − 1, t3 − 4

)
for t ∈ R.
a) Find an equation for the normal plane to the curve at the point (5, 3, 4).
b) Find an equation for the osculating plane of the curve at the point (5, 3, 4).
c) Find all points (if any) on the curve where the osculating plane is parallel to the plane
defined by the equation 3z = 7− 9x− 9y.

Solution. a) The tangent vector is

~r ′(t) =
(
1, 2t, 3t2

)
.

The point ~r (t) = (5, 3, 4) corresponds to the (unique) value of the parameter t = 2, for which
the tangent vector is

~r ′(2) = (1, 4, 12).

The normal plane at the point (5, 3, 4) has equation:

(x− 5) + 4(y − 3) + 12(z − 4) = 0

or equivalently:
x + 4y + 12z = 65 .

b) The second derivative is
~r ′′(t) = (0, 2, 6t) .

Note is particular that ~r ′′(t) is never parallel to ~r ′(t), and so the osculating plane is defined
at every point of the curve. At the point ~r (2) = (5, 3, 4), we have

~r ′′(2) = (0, 2, 12).
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The osculating plane is parallel to both ~r ′(2) and ~r ′′(2), and so we can take as its normal
vector:

~r ′(2)× ~r ′′(2) =

∣∣∣∣∣∣
~i ~j ~k
1 4 12
0 2 12

∣∣∣∣∣∣
=~i

∣∣∣∣4 12
2 12

∣∣∣∣−~j

∣∣∣∣1 12
0 12

∣∣∣∣ + ~k

∣∣∣∣1 4
0 2

∣∣∣∣
=~i(48− 24)−~j(12− 0) + ~k(2− 0)

= (24,−12, 2)

or we may as well take the scalar multiple (12,−6, 1). The osculating plane at the point
(5, 3, 4) has equation:

12(x− 5)− 6(y − 3) + (z − 4) = 0

or equivalently:
12x− 6y + z = 46 .

c) At any point ~r (t) on the curve, the osculating plane has as its normal vector:

~r ′(t)× ~r ′′(t) =

∣∣∣∣∣∣
~i ~j ~k
1 2t 3t2

0 2 6t

∣∣∣∣∣∣
=~i

∣∣∣∣2t 3t2

2 6t

∣∣∣∣−~j

∣∣∣∣1 3t2

0 6t

∣∣∣∣ + ~k

∣∣∣∣1 2t
0 2

∣∣∣∣
=~i(12t2 − 6t2)−~j(6t− 0) + ~k(2− 0)

= (6t2,−6t, 2)

or we may as well take (3t2,−3t, 1). The given plane has normal vector (9, 9, 3). We are
looking for all values of t such that (3t2,−3t, 1) is parallel to (9, 9, 3), i.e.,

(3t2,−3t, 1) = c(9, 9, 3)

for some scalar c 6= 0. This condition is equivalent to

(3t2,−3t, 1) = (3, 3, 1)

which holds if and only if t = −1 holds. Thus, the only point on the curve satisfying the
condition is

~r (−1) = (2, 0,−5) .
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