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Betti numbers

R is a Noetherian local ring with maximal ideal m and residue class
field k = R/m. Modules M, N, ... are finitely generated

An R-module M has a minimal free resolution:
F, :---—>anri>Fn_1—>---—>F1£1—>F0—>M—>O
exact with ¢; (F;) C mF;_;.

= rank F; = dimy Tor®(k, M) independent of F,

Bi(M) = dimy Torf(k, M) ith Betti number of M

E—
Betti numbers and Bass numbers — p.2/19



Bass numbers

An R-module M has a minimal injective resolution:

E':0>M—>E" Y ' .. pn Yy g L

E° = E(M), E'*! = E(Coker ¥;_;), E(...) = injective envelope.

E injective R-module = E = @ E(R/p)S(EaP)
pESpec R)

Uniqueness of injective env. = ¢(p, E’) uniquely determined by M

W(p, M) = e(p, E") = dimg,) Extp(k(p), M,), k(p) = R,/pR,

n'(M) = ' (m, M) = dimg Ext'p(k, M) ith Bass number of M.
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Projective dimension and Betti numbers

F.:---—>Fnﬁ>Fn_1—>---—>F12>F0—>M—>O

minimal free resol. of M Clearly, projdim M = sup{i : F; # 0}

= B;(M) #0for0 <i <projdimM: no gaps!

Theorem 1 (Auslander-Buchsbaum). projdim M < co =
projdim M = depth R — depth M

and all values between 0 and depth R are attained.
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A module M has arankif M ® O(R) is free (O(R) = total ring of
fractions), and in this case

rank M = rank M ® Q(M).

If projdim M < oo, then

rank M =) (—=1)'B;(M).
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Injective dimension and Bass numbers

Clearly, injdim M = inf{;i : Ip with u'(p, M) # 0}. But:

Theorem 2.

depth M = inf{i : u* (M) # 0}
inj dim M = sup{i : u' (M) # 0}

Theorem 3 (Bass). Suppose injdim M < oco. Then
dim M < injdim M = depth R.
Question. Can there be gaps? s it possible that

pw(M)+#0  forsomei, depth M < i < injdim M?
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Proposition 4 (Bass). /(M) >0, dimM <i <injdim M.

Proof. Apply I',to E*(M):

i+1 i+2

0— E(k)" — - — E()* — E()* " — E)" — -
= H' (Im(E*(M))) = HL(M)

W=0ptt£0 = Hifl(M) # 0 —applyHomg(..., E(k))

Theorem 5 (Fossum-Foxby-Griffith-Reiten).
W' (M) >0, depthM <i <injdim M.

Previous results by Foxby (R Cohen-Macaulay) and Peskine-Szpiro
(injdim M < o0) R

Betti numbers and Bass numbers — p.7/19



Ranks of syzygy modules
Let
F. :---—>anri>Fn_1—>---—>F1£1—>F0—>M—>O
be a minimal free resolution of M. Then
syz; (M) = Im ¢; = Coker ¢; 41

is the ith syzygy module of M = syz,(M).

0 — syz; (M) — F; — syz;(M) — 0 exact
= rank F; = ranksyz; (M) + ranksyz;(M)

Bounds for ranks of syzygy modules = bounds for Betti numbers
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Shrinking the ranks of syzygy modules
M an i-th syzygy if M = syz,(N) for some N
Lemma 6. M ithsyzygy, rank M > 1 + 1, projdim M < oo
= M/Rx ithsyzygy forx € M generic

Proof. Auslander-Buchsbaum = A, free for all p, depth R, < i.

Eisenbud-Evans basic element theory =
(M/Rx), free for all p with depth R, < min(i, rank(M ) — 1) = i.
depth(M/Rx), = min(depth R, — 1,depth M) =i else

= M/ Rx has "enough depth” to be ith syzygy
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Corollary 7. M ith syzygy, projdim M < oo, rank M > i = there
exists a free submodule F such that

M/F ithsyzygy, rank M/F =1i.

Corollary 8. “Every” resolution is the free resolution of a three
generated ideal.

Suppose rank M = 1, projdim M < oo, M torsionfree.
MacRae: M ~ I C R, gradel > 2.

M 2nd syzygy = Ass(R/I)=0 = [ =R

Question. M ith syzygy, projdim M < oo, rank M <i = M free ?
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Theorem 9 (Evans-Griffith). Suppose R contains a field.
M ith syzygy, projdim M < oo, rank M <1 = M free

Corollary 10. p = projdim M < oo,
FO—-F,—---—>F —>Fy—>M-—=0

minimal free resolution. Then

(2i+1, i=0,...,p—2,
pi(M) = 1 p, i =p—1,
L I =p

Proof. §;(M) = ranksyz; (M) + ranksyz;(M)
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F.:0—> F, 5 F,_| —---— F, 25 F, — 0 satisfies (BCM) if

codim/,,(¢;) =dimR —dim R/ ... > i, i=1,...,p

y4
where r; = Z(—l)j_i rank F; = expected rank of ¢;.
j=i

Lemma 11. F, acyclic = F. has (BCM) <— F., ® C acyclic for a
balanced big CM module C of R.

Proof. grade(/,,(¢;),C) = codim I, (¢;).

Apply Buchsbaum-Eisenbud acyclicity criterion

Theorem 12 (Hochster). R contains a field = R has a balanced
big CM module.
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Slight generalization of Evans-Griffith syzygy theorem:

Theorem 13. Suppose R contains a field and F. satisfies (BCM).
Thenr; =1 fori =1,...,p—1.

...and of their improved new intersection theorem:

Theorem 14. Suppose R contains a field and F', satisfies (BCM).
Moreover, lete € F;, e € mF;

= (Re), free direct summand of (Coker ¢; 1),

for all prime ideals p such that codimp =1 — 1.

= induct. proof of Theorem 12 by rank reduction: pass from I, to

0—>F,—> F,_y—>-+— Fiy; > (Fi/Re) > F_|, — --- > F]
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The Evans-Giriffith bound is the best possible on free resolutions in

general. But:

Problem. (Buchsbaum-Eisenbud/Horrocks) Suppose M is a module

of finite length. Is
Bi(M) = (dm.l R) )
l

Positive answers:
(a) F, has an algebra structure (Buchsbaum-Eisenbud)

(b) M = R[X,,...,X4]/I, I amonomial ideal (Charalambous,
generalization by M. Brun and Romer)

(c) other special cases: Hochster-Richert, ...

E—
Betti numbers and Bass numbers — p.14/19



From Betti to Bass

In order to analyze the Bass numbers 11/ (M) we apply I, to the
minimal injective resolution

E*:0o>M-—E" Y g .. pr Y g L
ltyields (E*):0— E(K)* — - —> E()*" — .-
We may assume R to be complete = Matlis duality
Since Homg(E (k), E(k)) = R we obtain a minimal complex
G.:0— RY — R¥'" ... 5 R RH

where t = depth M, d = dim R
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Theorem 15. Suppose R contains a field. Then

(a) G. satisfies (BCM). Hence

( .
1, I =1,

w(M)>3d—t. I =1+ 1,
2d—-i)+1, i=t+2,...,d.

(b) (Foxby)ift < d = dim M, then u¢ (M) > 2.

Corollary 16 (Foxby; Roberts). (Suppose R contains a field.) If
1w (R) =1, then R is a Gorenstein ring.

Corollary 17 (Peskine-Szpiro; Roberts). (Suppose R contains a
field.) If M has a module of finite injective dimension, then R is
Cohen-Macaulay.
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A bound for the nonfree locus
What if projdim M = oo ?

There is no lower bound on the rank of syzygy modules: R may have
maximal Cohen-Macaulay modules of rank 1 (and any Krull
dimension).

Theorem 18.
codim Nonfree(M ) < rank(M ) + rank(syz,(M)) + 1.

Corollary 19. Suppose R has an isolated singularity and M is a
nonfree maximal Cohen-Macaulay module. Then

rank M + rank(syz,(M)) > dim R — 1. I

—I
Betti numbers and Bass numbers — p.17/19



Corollary 20. Suppose R is a hypersurface ring with an isolated
singularity and M is a nonfree maximal Cohen-Macaulay module.
Then

rank M > (dim R + 1)/2.

Eisenbud: M = syz,(M).

Corollary 21. R hypersurface. If R has a rank 1 nonfree maximal
Cohen-Macaulay module, then codim Sing(R) < 3.

Grothendieck: If R is a complete intersection such that
codim Sing R > 4, then R is factorial.

Phil’'s most recent paper: Approximate liftings in local algebra and a
theorem of Grothendieck. J. Pure Appl. Algebra 196, 185-202
(2005).
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