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1. Introduction

Let X be anm × n matrix of indeterminates,m ≤ n, andT a new indeter-
minate. Consider the polynomial ringsR0 = K[X] andR = R0[T ]. For a
given positive integert ≤ m, consider the idealIt = It(X) generated by
thet-minors (i. e. the determinants of thet× t submatrices) ofX. Using all
these determinantal ideals, we define a new idealJ in R = R0[T ], which
we call thegeneric graph construction ideal, as follows:

J = (Tm) + I1T
m−1 + · · · + Im .

The object of this paper is to study the Rees algebraR(J) and in particular
to completely describe the primary decompositions of the idealsJR(J) and
TR(J).

We approach the structure ofR(J) via its initial algebrain(R(J)) with
respect to a suitable term order. The crucial combinatorial argument is
Greene’s theorem [11] on the invariants of the Knuth–Robinson–Schensted
correspondence. It will allow us to find the initial ideals of those ideals of
K[X] that occur naturally in the ‘expansion’ of the powers ofJ .

This problem has its origin in the study of the Grassmannian Graph
Construction, introduced by MacPherson in [18]. The Graph Construction
is a very important tool in intersection theory. In [18] it was used in the proof
of the Deligne–Grothendieck conjecture on the existence of Chern classes of
singular algebraic varieties. It also served as the basis of the proof of Baum,
Fulton and MacPherson’s Singular Riemann–Roch theorem [1] and more
recently of the Arithmetic Riemann–Roch theorem by Gillet and Soulé in
[10]. For the details of this construction we refer to the above mentioned
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papers or to [9] or [16]. Below, we just briefly explain the link with the
present paper.

The Graph Construction starts with a vector bundle mapd above some
base schemeM and deformsM to a scheme calledZ∞ (with a canonical
projection toM ) in a way which reflects the degeneracies ofd. Now, a vec-
tor bundle map can be locally represented as a matrix of regular functions.
Then, the degeneracy loci are precisely the different zero-schemes of the
determinantal ideals of that matrix. It turns out, that the Graph Construction
deformation space is isomorphic to the blowup of the ideal defined similarly
to J (the only difference being that the entries of the matrix are arbitrary
regular functions and not variables). This was first noticed by Roberts in [19]
and independently by the second author in [15] (see [16] for an exposition).
In particularZ∞ is isomorphic to the zero-subscheme ofProjR(J) given
by the idealTR(J). This isomorphism commutes with the canonical pro-
jections onM . The irreducible components ofZ∞ and their multiplicities
are of great importance in characteristic classes computations.

It is well known, that for an arbitrary vector bundle mapd, the Z∞
scheme has one distinguished irreducible component, which dominatesM .
It is isomorphic to the blowup of the smallest nonvanishing Fitting ideal
of the cokernel sheaf ofd. However, there is no general description of the
other components. The only thing being known is that the projection onto
M maps them into the singular locus ofd.

The results of this paper apply to the special case of a vector bundle
map given by a matrix of variables. This case is also of geometric interest:
it provides a local model for so called generic vector bundle maps [17],
where genericity is defined by a natural transversality condition. Thus, we
are able to precisely describe the components ofZ∞ in the case whend is
a generic map. They are given by the primary decomposition of the ideal
TR(J) in part (d) of Theorem 5. This theorem tells us in particular that
Z∞ is reduced. Apart from the distinguished component, its irreducible
components correspond to the different degeneracy loci ofd, which they
dominate by the canonical projection.

A claim similar to the last statement appears without proof in ([9], Exam-
ple 18.1.6.e). To the best of our knowledge no published proof is available.

2. The straightening law

By ∆ we always denote a productδ1 · · · δw of minors, and we assume
that the sizes|δi| are descending,|δ1| ≥ · · · ≥ |δw|. We reserve the letter
Σ for standard monomials of minors,Σ = δ1 · · · δw with δ1 � · · · �
δw. The partial order� for minors which we have just used is defined
as follows. We write[a1, . . . , at | b1, . . . , bt] for the determinant of the
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submatrix(Xaibj
: i = 1, . . . , t, j = 1, . . . , t). Then

[a1, . . . , at | b1, . . . , bt] � [c1, . . . , cu | d1, . . . , du]
⇐⇒ t ≥ u and ai ≤ ci, bi ≤ di, i = 1, . . . , u.

The fundamental straightening law of Doubilet–Rota–Stein says that ev-
ery element ofR0 has a unique presentation as aK-linear combination of
standard monomials (for example, see Bruns and Vetter [6]).

We now introduce an invariant for products∆ = δ1 · · · δw of minors
(standard or not) that will play a crucial role:

αk(∆) = |δ1| + |δ2| + · · · + |δk|
whereδi = 1, |δi| = 0 if i > w. In other words:αk(∆) is the total degree
of the product of the firstk factors of∆ (by our convention they have the
largest sizes).

The following lemma is an essential observation:

Lemma 1. Let ∆ =
∑

aΣΣ, aΣ ∈ K, aΣ 6= 0, be the representation of
∆ as a linear combination of standard monomials. Then

(a) αk(∆) ≤ αk(Σ) for all k andΣ;
(b) αk(∆) = αk(Σ) for at least oneΣ.

Proof. (a) This is an elementary consequence of the straightening procedure
by which one repeatedly replaces a non-standard productδ1δ2 by its standard
representationδ1δ2 =

∑
aiεiγi, and in which|εi| ≤ |δ1| ≤ |δ2| ≤ |γi| and

|εi| + |γi| = |δ1| + |δ2|. For example see [6], 11.4.
(b) This follows from the fact that at least one standard monomial in the

presentation of∆ must have the same ‘shape’ as∆. Again see [6], 11.4.

The following ideals ofR0 appear as factors of the powers ofT if one
expands the powersJk:

J(u, d) =
∑

Ie0
0 Ie1

1 · · · Iem
m ,

e0 + e1 + · · · + em = u, e1 + 2e2 + · · · + mem = d

(whereI0 = R0). Then we have

Jk = R

( km∑
d=0

J(k, d)T km−d

)
.

The idealsJ(u, d) can also be described in terms of the functionsαk:

Lemma 2. (a) ∆ ∈ J(u, d) ⇐⇒ αu(∆) ≥ d.
(b) J(u, d) has a standard monomialK-basis of allΣ with αu(Σ) ≥ d.
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Proof. We prove the lemma in four steps.
(i) If αu(∆) ≥ d, then∆ clearly belongs toJ(u, d).
(ii) Every element ofJ(u, d) is aK-linear combination of products∆

with αu(∆) ≥ d (choose the natural generators ofJ(u, d) times products
of the indeterminates). Now apply the straightening procedure to all these
products. Then Lemma 1(a) and (i) imply that all the standard monomials
needed lie inJ(u, d). ThusJ(u, d) has a standard monomial basis.

(iii) Choose a standard monomialΣ ∈ J(u, d), write it as aK-linear
combination of products∆ with αu(∆) ≥ d as in (ii), and apply the straight-
ening procedure to the∆, which of course just reproducesΣ. It follows that
αu(Σ) ≥ d.

(iv) The remaining implication⇒ of (a) follows now from Lemma 1(b).

3. Gröbner bases and initial ideals

It is our goal to determine Gröbner bases and the initial ideals of the ideals
J(u, d) andJk with respect to a diagonal term orderτ on the polynomial
ring R0. (We refer the reader to Eisenbud [8] for Gröbner bases and term
orders.) A term orderτ is called diagonal if the initial monomial of every
minor of X is the product of its main diagonal entries. We fix such a term
order.

For the determination of the initial ideals of the ideals under consideration
we will use the Knuth–Robinson–Schensted correspondence. It is a degree
preserving bijection between the standard monomials of minors ofX (or
standard bitableaux) and the ordinary monomials ofK[X] (Knuth [14]). This
bijection is established by the Robinson-Schensted algorithm of Schensted
[20]. Sturmfels [21] used the correspondence for the determinination of a
Gröbner basis ofIt. Later on, a variant of the correspondence was applied
by Herzog and Trung [12]. Throughout this paper we will always refer to
the version of the Knuth–Robinson–Schensted correspondence described in
[12], and we will denote it byKRS. The application of KRS in this paper
was inspired by its use in Bruns and Conca [3] where it was essential for
finding the initial ideals of the (symbolic) powers of the idealsIt.

Let M be an ordinary monomial inR0, i. e. a product of powers of the
indeterminates. Then we set

αk(M) = max{αk(∆) : M = in(∆)}.

Herein(∆) is the initial monomial of∆, a product of minors as above.
The crucial combinatorial argument of this paper is

Theorem 1. For all Σ andk one hasαk(Σ) = αk(KRS(Σ)).
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The theorem is an analogue of [3, Theorem 2.2] based on Greene’s
theorem [11] instead of [3, Theorem 2.3]. For the reader’s convenience we
present the details.

Letb = b1, . . . , bs be a sequence of integers. A subsequencebi1 , . . . , bik ,
with i1 < · · · < ik, is increasingif bi1 < · · · < bik . A decompositionD
of b into increasing subsequences, aninc-decompositionfor short, is said
to have shapeS = s1, . . . , sr if the i-th subsequence hassi elements, and
si ≥ si+1 for all i. We set

αk(D) = αk(S) = s1 + · · · + sk,

αk(b) = max
{
αk(D) : D is an inc-decomposition ofb

}
.

Let M = KRS(Σ) = Xa1b1 · · ·Xasbs , where the sequence of the fac-
tors Xaibi

satisfies the conditionsa1 ≤ a2 ≤ · · · ≤ as and bi ≥ bi+1
wheneverai = ai+1. Writing M as inτ (∆) with ∆ a product of mi-
nors of sizess1, . . . , sr amounts to an inc-decomposition ofb1, . . . , bs

of shapes1, . . . , sr. Thereforeαk(M) = αk(b). Since the shape of the
standard monomialΣ and, hence,αk(Σ) only depends onb1, . . . , bs, one
can assumeai = i for i = 1, . . . , s. Furthermore, exchanging the roles
of rows and columns and using [12, 1.1(b)], one can even assume that
{b1, . . . , bs} = {1, . . . , s}. After these reduction steps, Theorem 1 is a
consequence of Greene’s theorem [11] (adapted to the version of KRS used
in this paper):

Theorem 2. Let b = b1, . . . , bs be a sequence of distinct integers and let
P be the tableau obtained fromb by the Robinson-Schensted algorithm.
Denote the shape ofP byS = s1, . . . , sr, and letk be an integer. Then

αk(b) = αk(S).

The consequences of Theorem 1 for initial ideals are based on [3, Lemma
2.1]; we include it for easier reference. (Its part (a) was observed by Sturmfels
[21].) In the following the linear extension of KRS to aK-automorphism
of K[X] is also denoted by KRS.

Lemma 3. (a) Let I be an ideal ofK[X] which has aK-basis, sayB,
of standard monomials, and letS be a subset ofI. Assume that for all
b ∈ B there existss ∈ S such thatin(s) | KRS(b). ThenS is a Gröbner
basis ofI andin(I) = KRS(I).

(b) Let I and J be homogeneous ideals such thatin(I) = KRS(I) and
in(J) = KRS(J). Thenin(I) + in(J) = in(I + J) = KRS(I + J)
andin(I) ∩ in(J) = in(I ∩ J) = KRS(I ∩ J).

Our first result on initial ideals and Gröbner bases is
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Proposition 1. With respect to a diagonal term order onR0 = K[X] the
following hold:

(a) in(J(u, d)) = KRS(J(u, d));
(b) the products∆ = δ1 . . . δw with w ≤ u anddeg ∆ = d are a Gr̈obner

basis ofJ(u, d), andJ(u, d) has a minimal system of generators forming
a Gröbner basis.

(c) a monomialM belongs toin(J(u, d)) if and only ifαu(M) ≥ d.

Proof. (a) By virtue of Lemma 2 we can apply Lemma 3(a) toJ(u, d). Then
(a) is an immediate consequence of Theorem 1 which says thatKRS(J(u, d))
⊂ in(J(u, d)).

(b) If αu(M) > d thenM is obviously a multiple of a monomialM ′
with αu(M ′) = d, and the latter belongs toin(J(u, d)) and is the initial
monomial of a product∆ specified in (b). Of all these we choose a subset
whose set of initial monomials has cardinalitydimK J(u, d)d.

(c) It remains to show the ‘only if’ part. Suppose thatM ∈ in(J(u, d)).
Then (a) implies M = KRS(Σ)) for some standard monomial
Σ ∈ J(u, d)), andαu(M) = αu(Σ) ≥ d by Lemma 2(b).

Remark 1.Part (a) of Proposition 1 holds for the individual summands of
J(u, d) if the characteristic ofK is 0 or > m; see [3]. However, at least the
first statement of (b) cannot be transferred to the summands; see [3], 3.9.

For the proof of the normality ofR(J) in Sect. 4 we note

Lemma 4. For every monomialM and all e, k one hasαke(M e) =
eαk(M).

Proof. Suppose thatM = KRS(Σ). Then it is not hard to see thatM e =
KRS(Σe), soαke(M e) = eαk(M) results immediately from Theorem 1.

We now extend our term order fromR0 to R by first comparing the
total degrees and then the ‘X-factors’ of the monomials. Furthermore we
extendKRS by settingKRS(ΣTw) = KRS(Σ)Tw. Then Lemma 3 holds
analogously, and one obtains

Proposition 2. (a) in(J(u, d)Tw) = KRS(J(u, d)Tw)
= KRS(J(u, d))Tw;

(b) in(Jk) =
∑km

d=0 in(J(k, d))T km−d);
(Here all ideals are taken inR.)

The initial ideals of the powers ofJ are given by the next theorem.

Theorem 3. (a) LetM ∈ R0 be a monomial. ThenMTw ∈ in(Jk) ⇐⇒
αk(M) ≥ km − w.
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(b) in(Jk) = in(J)k.
(c) The elementsδ1 · · · δwT km−d with deg δ1 · · · δw = d form a Gr̈obner

basis ofJk, and Jk has a minimal system of generators forming a
Gröbner basis.

Proof. (a): If w ≥ km, thenTw ∈ in(Jk). Thus supposew < km. Then
M ∈ in(J(k, km − w)) by Proposition 1, andMTw ∈ in(J(k, km −
w)Tw ⊂ in(Jk).

As to the converse implication, ifw ≥ km, there is nothing to prove. So
let w < km. By Proposition 2 we haveMTw ∈ in(J(k, km − l))T l for
somel. Necessarilyl ≤ w, andαk(M) ≥ km − l ≥ km − w.

(b) The inclusionin(Ik) ⊃ in(I)k is true for arbitrary idealsI. So choose
MTw ∈ in(Jk). Then we can writeM = M1 · · ·MkM

′ whereMi = in(δi)
anddeg M1 · · ·Mk = αk(M). Setwi = m − deg Mi for eachi. Then

w′ = w − (w1 + · · · + wk) ≥ 0

by (a), andMTw = (M1T
w1) · · · (MkT

wk)M ′Tw′
. ObviouslyMiT

wi ∈
in(J) for eachi, and soMTw ∈ in(J)k.

(c) This follows easily if one combines Proposition 1(b) and Proposi-
tion 2(b).

4. The Rees algebra

It is now very easy to describe the initial algebra of the Rees algebra of the
idealJ . To this end one must of course first extend the term order onR to
the polynomial ringR[U ]. This is done in a similar way as the extension
from R0 to R. We first compare the total degree of two monomials inR[U ]
and then their factors fromR.

Theorem 4. The initial algebrain(R(J)) ⊂ R[U ] is a normal semigroup
ring finitely generated overR by in(J)U ; in particular, in(R(J)) =
R(in(J)).

Proof. That the initial algebra is generated overR by in(J)U follows
immediately from Theorem 3(b). It remains to check the normality. For
this it is sufficient (and necessary) that the semigroup of monomials of
in(R(J)) is normal (for example, see Bruns and Herzog [5, Ch. 6]). Sup-
pose that(MTwUk)e ∈ in(R(J)). ThenM eTwe ∈ in(Jke), and therefore
αke(M e) ≥ kem − we. But thenαk(M) ≥ km − w by Lemma 4, and
thusMTwUk ∈ in(Jk). In other words, the semigroup of monomials of
in(R(J)) is normal.

Corollary 1. R(J) is a normal Cohen–Macaulay domain. It has rational
singularities in characteristic0, and isF -rational in characteristicp. The
associated graded ringgrJ(R) is Cohen–Macaulay.
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Proof. We setR = R(J). By the results of Conca, Herzog, and Valla [7], the
algebraR inherits the properties under consideration from its initial algebra.
By a theorem of Hochster (for example, see [5, Ch. 6]) normal semigroup
rings are Cohen–Macaulay rings. Furthermore it is well-known that (affine)
toric varieties have rational singularities. Since every normal semigroup
ring S can be embedded into a polynomial ring as a directS-summand, the
F -rationality in characteristicp > 0 follows from a theorem of Hochster
and Huneke [13]. The Cohen–Macaulay property ofgrJ(R) follows from
standard depth arguments sincegrJ(R) = R/JR, R = R/UJR, andJR
andUJR are isomorphicR-modules.

Remark 2.There is another method developed in Bruns and Conca [4] by
which one could investigate the Rees algebraR(J). For Corollary 1 it is suf-
ficient that the semigroup of the ‘weights’ of the elementsΣT kUw ∈ R(J),
Σ a standard monomial, is normal. This follows easily from the properties
of the functionsαi. By this approach one can also prove a relative version
of Corollary 1 in whichR0 is replaced by a residue class ringR0/Ir+1 and
J by (T r) + T r−1I1 + · · · + Ir.

The goal is to find the minimal prime ideals ofJR(J) (equivalently, the
minimal prime ideals ofgrJ(R)) and those ofTR(J). In the next proposition
we identify the first of them, namely the idealmR(J), the extension of the
maximal idealm of R generated by theXij andT .

Proposition 3. (a) One has isomorphisms

R(J)/mR(J) ∼= K[JmU ] ∼= K[Jm] ∼= G(X̃)

whereJm denotes the degreem component ofJ in R andG(X̃) is the
K-algebra generated by the maximal minors of an(n+m)×m matrix
of indeterminates.

(b) FurthermoremR(J) is a prime ideal of height1.

Proof. (a) The first and the second isomorphism are given in [2], (2.2); they
result easily from the bigraded structure of the Rees algebra, if the generators
of the ideal all have the same degree. For the third isomorphism we map
m × (m + n) X̃ entry by entry to the matrix




X11 · · · X1n 0 · · · · · · 0 T
... ... ... 0

...
...

... ... ... ...
...

0 ... ...
...

Xm1 · · · Xmn T 0 · · · · · · 0




.
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This substitution induces a surjectionK[X̃] → K[X]. Its restriction to
G(X̃) maps the latter ontoK[Jm] (them-minors of the matrix above are
just the generators ofJ), and for reasons of Krull dimension the restric-
tion is an isomorphism. In fact, one hasdimG(X̃) = mn + 1 (for ex-
ample, see [6]), and alsodimK[Jm] = mn + 1, since the field extension
K(Jm) ⊂ K(X, T ) is algebraic:T is obviously algebraic overK(Jm), and
K(Jm, T ) = K(X, T ).

(b) SincedimR(J) = mn + 2 anddimR(J)/mR(J) = mn + 1, the
idealmR(J) has height1.

Proceeding similarly as in the proof of [2, Theorem 2.3] we can now
determine the minimal prime ideals ofJR(J) and the orders by which they
divideJR(J):

Theorem 5. (a) JR(J) is an unmixed, equivalently: divisorial, ideal.
(b) It has exactlym minimal primesP1, . . . , Pm, and up to numbering,

Pi ∩ R = (T ) + Ii(X), i = 1, . . . , m.
(c) The primary decomposition ofJR(J) is

JR(J) =
m⋂

i=1

P
(m−i+1)
i .

(d) The primary decomposition ofTR(J) is

TR(J) = P1 ∩ · · · ∩ Pm ∩ Pm+1.

whereP1, . . . , Pm are as in(b) andPm+1 is a height1 prime ideal with
Pm+1 ∩ R = (T ).

Proof. (a) We setR = R(J). The idealsJR andUJR are isomorphic
R-modules, and the latter is a divisorial prime ideal sinceR/UJR ∼= R.
This implies (a).

For (b) we use (an easy extension of) the standard induction argument
[6, (2.4)] after noting that (b) and (c) are elementary results form = 1. So
suppose thatm > 1. ThenL = R[X−1

uv ] is a Laurent polynomial extension
of a Rees ringR(J ′, K[Y, T ]) whereY is an(m − 1) × (n − 1) matrix of
indeterminates and

J ′ = (Tm−1) + Tm−2I1(Y ) + · · · + Im−1(Y ).

By inductionJ ′R(J ′, K[Y, T ])has exactlym−1associated prime idealsQi,
i = 1, . . . , m−1 which can be numbered in such a way thatQi∩K[Y, T ] =
Ii(Y ). Let Pi+1 = Qi ∩ K[X, T ], andP1 = mR as defined above.

The extensionK[Y ] ⊂ K[X, X−1
uv ] satisfies the rule

It(Y )K[X, X−1
uv ] = It+1(X)K[X, X−1

uv ],
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and sinceIt+1(X)K[X, X−1
uv ]∩K[X] = It+1(X) it follows thatPi ∩R =

(T ) + Ii(X) for all i. It is now clear thatP1, . . . , Pm are pairwise different
minimal prime ideals ofJR.

Suppose thatQ is a minimal prime ideal ofJR different fromP1, . . . ,
Pm. ThenXuv /∈ Q for at least one pair(u, v) (otherwise we obviously had
Q = P1). By localization as above it would follow thatJ ′R(J ′, K[Y, T ])
had more thanm−1 minimal prime ideals, which contradicts the induction
hypothesis. Thus (a) completes the proof of (b).

(c) Using the inductive argument once more, we only need to determine
themR-primary component ofJR. BecausemR is a divisorial prime, all
the primary ideals with radicalmR are given by the symbolic powers which
by [2, (2.2)(c)] coincide with the ordinary ones. So it suffices to note that
JR ⊂ (mR)m, JR 6⊂ (mR)m+1.

(d) SincemR is also a minimal prime ideal of(T ), we can again use
the inductive argument. The same reasoning as in (b) and (c) shows first
thatmR is them-primary component ofTR and second that it is enough to
establish the result in the case in whichm = 1. In this caseR is isomorphic
to theK-algebraS = K[T, X1, . . . , Xm, T ′, X ′

1, . . . , X
′
m]/I2(W ) where

W is the2 × (m + 1) matrix(
T X1 . . . Xm

T ′ X ′
1 . . . X ′

m

)

and the isomorphism is established by mappingT, X1, . . . , Xm to them-
selves andT ′, X ′

1, . . . , X
′
m toTU, X1U, . . . , XmU . In fact, this substitution

defines a surjective homomorphismS → R, and sincedimS = m + 2 =
dimR, it is even an isomorphism. From the theory of determinantal rings
it is well known that(T ) = (T, X1, . . . , Xm) ∩ (T, T ′) in S. Under the
isomorphism above(T, X1, . . . , Xm) is justP1 = mR and(T, T ′) is P2.

The theorem of Simis–Trung [22, (1.1)] immediately gives the divisor
class group ofR(J):

Corollary 2. One hasCl(R(J)) ∼= Z
m, and the classes ofP1, . . . , Pm

generateCl(R(J)).

Part (b) of the previous theorem can be generalized to the powers ofJ :

JkR(J) =
m⋂

i=1

P
(k(m−i+1))
i .

In fact, sinceJkR(J) ∼= JkUkR(J) as aR(J)-module andJkUkR(J) is
obviously a divisorial ideal, this follows immediately from the formula for
J itself by divisorial arithmetic. By retraction toR we can now derive the
primary decomposition ofJ and its powers.
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Corollary 3. For all k ≥ 1 an irredundant primary decomposition ofJk is
given by

Jk =
m⋂

i=1

((T ) + Ii(X))(k(m−i+1))

Proof. It is straightforward to verify thatJk = JkR(J) ∩ R. Therefore

Jk =
m⋂

i=1

P
(k(m−i+1))
i ∩ R.

By the inductive argument in the proof of Theorem 5 one may assume that
P

(k(m−i+1))
i ∩R = ((T )+Ii(X))(k(m−i+1)) for i = 2, . . . , m. So it suffices

to show thatmR(J)(km) = m(km). But this is again a consequence of the
fact that the symbolic powers ofmR(J) coincide with the ordinary ones [2,
(2.2)(c)], and therefore

(mR(J))(km) ∩ R = (mR(J))km ∩ R = mkm = m(km).

That the prime ideals(T ) + Ii, i ≥ 2, are associated toJk can be
assumed inductively, and thatm = (T ) + I1 is associated toJk, follows
sincemkTmk−1 ∈ Jk, Tmk−1 /∈ Jk, andm cannot be contained in any of
the other associated prime ideals. Thus the intersection is irredundant.
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