EXAMPLES OF INFINITELY GENERATED KOSZUL ALGEBRAS

WINFRIED BRUNS AND JOSEPH GUBELADZE

Let K be a skew field and A = K@ A;®- -+ a graded K-algebra (both of them not
necessarily commutative). We call A homogeneous (or standard) if it is generated
by A; as a K-algebra. A homogeneous K-algebra A is Koszul if there exists a linear
free resolution

Fio =22 4%K 0,

of the residue field K = A/A, as an A-module. Here dy: A — K is the natural
augmentation, the F; are considered graded left free A-modules whose basis elements
have degree 0, and that the resolution is linear means the boundary maps 9, n > 1,
are graded of degree 1 (unless 9,, = 0).

The examples we will discuss in Section 1 are variants of the polytopal semigroup
rings considered in Bruns, Gubeladze, and Trung [4]; in Section 1 the base field K
is always supposed to be commutative. For the first class of examples we replace
the finite set of lattice points in a bounded polytope P C R"™ by the intersection of
P with a c-divisible subgroup of R™ (for example R itself or Q™). It turns out that
the corresponding semigroup rings K[S] are Koszul, and this follows from the fact
that K[S] can be written as the direct limit of suitably re-embedded ‘high’ Veronese
subrings of finitely generated subalgebras. The latter are Koszul according to a
theorem of Eisenbud, Reeves, and Totaro [5]. To obtain the second class of examples
we replace the polytope C' by a cone with vertex in the origin. Then the intersection
C'NU yields a Koszul semigroup ring R for every subgroup U of R". In fact, R has
the form K + XA[X] for some K-algebra A, and it turns out that K + XA[X] is
always Koszul (with respect to the grading by the powers of X). Again we will use
the ‘Veronese trick’.

In Section 2 we treat the construction K + XA[X] for arbitrary skew fields K
and associative K-algebras A. (See Anderson, Anderson, and Zafrullah [1] and
Anderson and Ryckeart [2] for the investigation of K + XA[X] under a different
aspect.) For them an explicit free resolution of the residue class field is constructed.
This construction is of interest also when K and A are commutative, and may have
further applications.

1. THE COMMUTATIVE CASE

In this section we construct various examples of non-finitely generated commuta-
tive Koszul algebras. Our main tool is the following lemma. It holds without the
assumption of commutativity.
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Lemma 1.1 (Inductive limit lemma). Let K be a skew field. Assume we are given
a directed diagram of Koszul K-algebras

D: (A~ L5 A

where all the homomorphisms f*Y are graded of degree 0. Then the inductive limit
lim D is also Koszul.

Proof. For each index av we fix an exact graded resolution

R N Ny T (N "IN
where 07 has degree 1 for all j € N and J¢ is the natural augmentation.
Claim. There exists a system of maps

{g?’y; P’f‘—>ﬁ’j7}

a<y, jeEN

which satisfies the conditions
(i) for any o < 7 and any j € N the diagram

) or

P Fo Ao K 0
o ol A
Ry Ao X 0

commutes,
(ii) for any @ <y < and any j € N

o7 ay ol
g; °9; =G

(iii) g;7 is a graded homomorphism of A®-modules of degree 0 for any a < v and

any j € N (A7, and more generally a free A7-module, is considered as a graded
A®-module via f*7).

In order to prove the claim we choose g7 = f*7 for all @ < 7. Assume we
have constructed a system {g;" }o<,, j<r for some I € Z, that satisfies the desired
conditions. In order to prove the claim it suffices to show the existence of mappings

{9?11: Frp— F7+1}

such that the extended system {g;" }a<,, j<r1 also satisfies (i) — (iii). Let

oc<7’

o0

Ey = @DE);

=0

be the decomposition of F into its graded components. Furthermore we denote the
K-linear subspace

o1 (Fi1)o € (FT),
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by V. Observe that the exactness of our complexes and the commutativity of the
squares

o1

0
« I @
FI FIfl

g’ l lg?f 1

o o v

imply ¢7" (V) C V7. (We assume Ffl = K and ¢%] =idg.)
For any index o we put
W = (Ffi1)o and 0% =0, [W*.
Since all the maps 0“ are surjective and K-linear, standard arguments in linear
algebra imply the existence of K-linear homomorphisms
he: W — W7
for all & <« which make the squares

we 2 ye

wr 2y
commutative and satisfy the condition A"’ o h®’ = h,s whenever a < v < §. One
has just to fix an isomorphism of K-linear spaces

We=yegVye
for each index « in such a way that 0% is the projection on V%, and then let h®? be
the composite map

We 2 ye g e L v g 7w,
The mappings h*? give rise to the desired homomorphisms

91+1 FI—H - FI+1

The claim is proved.

We now turn to the proof of the lemma itself. We use two basic facts: tensor
product commutes with direct limits and inductive limits preserve exactness. Put
A =1limD. Then A is a graded homogeneous K-algebra, since A = K © A; & - -
with .

A =lim (A7 15 A7),
Let g;7 be chosen as in the claim. The inductive limit of our fixed resolutions
(with respect to the mappings gj'?”) is exact, consists of graded A-modules and the
corresponding boundary homomorphisms are all graded and of degree 1. It only
remains to show that all terms of this limit resolution are A-free. But this follows
from the observation that the j-th term (for any j € N) is computed as follows:

i (F2 25 F) = Ao lm((F2), 2 (F)),).
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where @((ﬂ‘»’)o 5, (Fj7)0) is a limit of K-linear spaces and, hence, K-free. O

In the rest of this section all rings, especially the base field K, are assumed to be
commutative.

In Bruns, Gubeladze, and Trung [4] the Koszul property of polytopal semigroups
has been investigated. Let P C R™ be the polytope spanned by finitely many lattice
points, i. e. points belonging to Z™. Then one considers the subsemigroup Sp of
7"t generated by the set

{(93,1): :UGPHZ”}

and the semigroup ring K [Sp| where K is an arbitrary field. Here we derive examples
of infinitely generated Koszul algebras that, in a sense, are related to polytopal
algebras similarly as dense sets are related to discrete ones.

Let n,c € Nand ¢ > 1. Let H be any c-divisible subgroup of R" (H may coincide
with R™). The c-divisibility of H means that for all h € H there exists t € H with
ct = h.

Suppose W C R" is a convex n-dimensional subset (not neceessarily closed or
bounded). Then S(H, W) denotes the subsemigroup of R"*! generated by

{(h,)):he HNW} CR™.

It is clear that for any field K the semigroup algebra K[S(H,W)| naturally carries
a graded homogeneous K-algebra structure:

KSHW)=Ka&A &Ad. ..,

where A; is the K-vector space spanned by those x € S(H, W) whose (n + 1)-th
coordinate is 4.

It has been shown in [4] that for every lattice polytope P C R™ the semigroup
ring K[S.p] defined by the multiple cP = {cz: x € P} is Koszul for all ¢ > n. In
view of the next theorem this result can be interpreted as saying that P N (Z"/c)
approximates P well enough to ensure the Koszul property for the discrete object
KI[S.p].

Theorem 1.2. Let H be a c-divisible subsemigroup of R"™ for some ¢ > 1. Then the
algebra K[S(H,W)] is Koszul for every field K.

Proof. H is an inductive limit of c-divisible hulls of finitely generated groups. By
Lemma 1.1 we can assume H itself is a c-divisible hull of some finitely generated
(actually free) abelian group G.

Similarly W is a inductive limit (a filtered union) of finite convex polytopes.
Again, by Lemma 1.1 we can assume W itself is a finite polytope. Next we can
assume all the vertices of W belong to GG, because H N W is an inductive limit of
intersections H N W, where the W< are finite polytopes whose vertices belong to
G, and Lemma 1.1 can again be applied.

For any 7 € N we let, as defined above,

S(G,¢W) and S((G/c),W)
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denote the subsemigroups of R"*! generated by
{(g;1): ge GNEW} CR™ and {(g9,1): g € (G/YNnW} c R*.

respectively. We have S(G,c'W) = S(G/c',W) and H N W is a filtered union of
the (G/c¢") N W. So by Lemma 1.1 it suffices to show that K[S(G, c'W)] is Koszul
for i sufficiently large. But the theorem of [4] quoted above implies K[S(G,c'W)] is
Koszul for all ¢ such that ¢ > n. O

Our next example is derived from polytopal semigroups in a different way. If the
polytope P in the definition of a polytopal semigroup is substituted by a cone C
(with vertex at the origin) then the generators of K [S¢| constitute a semigroup — the
semigroup of all lattice points in C'. This situation fits into a more general picture.

In fact, let S be any commutative (not necessarily cancellative or torsionfree)
semigroup and X be a variable. We denote by K[S]. the K-subalgebra (K is again
a field) of K[S][X]| = K[S @ Z.] consisting of those polynomials with coefficients in
K[S] whose constant term belongs to K. Evidently K[S]. is a graded homogeneous
K-algebra with respect to the grading defined by the powers of X. The algebra
K[S¢| mentioned above is naturally isomorphic to K[S], where S it the semigroup
of all lattice points in the cone C.

The construction of K [S]. makes sense for arbitrary (not necessarily commutative)
semigroups. One easily shows that

K[S]* = K[{Xs}ses]/(X81X82 - Xt1Xt2)

where K[{X}ses| is a polynomial ring in the variables X labelled by the elements of
S and the quotient is considered with respect to the ideal generated by all binomials
X5, Xo, — Xy, Xy, where s1,59,11,t5 € S satisfy the equation s;59 = t1t2. The same
isomorphism takes place for general, not necessarily commutative, semigroups — one
just considers noncommuting variables and two-sided ideals.

There is a still more general framework including all these constructions. let A
be any commutative ring and X a variable. Assume K is a field contained in A. By
K + XA[X] we denote the K-subalgebra of A[X] containing the polynomials with
constant term in K. In the case in which A = K[S] we have K[S], = K + XA[X].
Again, we may consider K + XA[X] for a not necessarily commutative K-algebra
A. These algebras are graded homogeneous K-algebras with respect to the degree
in X. (Observe that K + XA[X] is Noetherian if and only if dimg A < 00.)

It turns out that all these constructions give examples of Koszul algebras. The
commutative case can be covered by the ‘Veronese trick’ used in the proof of 1.3
while the general case needs direct arguments (see the next section).

Theorem 1.3. Let A be a commutative K -algebra for some field K and X a variable
commuting with the elements of A. Then the graded homogeneous K -algebra

A = K+ XA[X]
15 Koszul.

Proof. A is a filtered union of finitely generated K-algebras, say A = lim A®. Then
A, = lim(K + XA*[X]). By the inductive limit lemma we can assume A itself is
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finitely generated. Let I' be a finite generating set of the K-algebra A containing
1 € K. Let (I'") denote the K-vector subspace of A generated by the products
Y1+ -+ with o3 € . Then (T¥) C (I'V) whenever i < j, and lim(I') = A. Consider
the K-subalgebra B of A, generated by X(I'!). B is a graded homogeneous finitely
generated K-algebra. By Eisenbud, Reeves, and Totaro [5] or Aramova, Barcanescu,
and Herzog [3] the Veronese subrings By C B are Koszul for d sufficiently large.
Observe that B(d) is isomorphic as a graded K-algebra to the K-subalgebra C, of
A, generated by X(I'?). On the other hand, A, = lim Cy. Since Cy is Koszul for d
sufficiently large, the inductive limit lemma completes the proof. 0

2. THE NON-COMMUTATIVE CASE

In this section we show that K + X A[X] is a Koszul algebra for an arbitrary skew
field K and every associative K-algebra A. The proof is based on the construction
of an ‘explicit’ free resolution of K.

Theorem 2.1. Let K be a skew field, A an arbitrary K-algebra and X a variable,
commuting with the elements of A. Then the homogeneous graded K -algebra A, =
K + XA[X] (considered as a graded K-algebra with respect to the degree in X ) is
Koszul.

That A, is homogeneous is clear. We first define a chain complex of free A,-
modules

T: ~--—>T2—d2—>T1—d1—>A*—dO—>K—>O

for which dj is the natural augmentation and d,, is graded of degree 1 for all n € N.
(As above, the basis elements of 7, have degree 0.)

To this end we introduce the notion of a tower. Let n € N. A tower graph of
height n is an oriented graph G with vertex set

n

i=0
such that L; N L; = 0 for distinct ¢, j € [0,n], #Lo = #L,, = 1 and #L; = 2 for all
i € [1,n — 1]; further, for each pair of elements x € L; 1, y € L; for i € [1,n] there
exists exactly one edge of G connecting x and y, and the orientation of this edge is
from z to y; we also require that G' has no other edges; and finally, each of the sets

L; for i € [1,n — 1] is linearly ordered. The following figure presents a tower graph
of height 4:
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Later on E(G) will denote the set of edges of a tower graph G. A represented
tower of height n is a pair 7 = (G, t), where G is a tower graph of height n and
t: E(G) — A is a function, satisfying the following condition:

For all oriented paths [l;...l;] and [l}...]}] in G of the same length k (where
l;,l; € E(G) and the orientations are from left to right) and having the same origin
vertex in L; and the same ending vertex in L;,; the equality

)t () - t(l) = (L)t ) - £(1])
holds. We shall say that two represented towers 7 = (G, t) and 7" = (G, ') are iso-
morphic if there exists an isomorphism of oriented graphs 1: G — G’ that respects
the orderings of L; and L/ for all i and such that ¢(I) = t'(¢0(1)) for all [ € E(G).

Finally, a tower of height n is defined as the isomorphism class of a represented
tower of height n. We write [7] for the isomorphism class of 7.

Let 7 = (G, t) be a height n represented tower. The elements of L;, ¢ € [0, n], will
be called vertices of 7 of level 7. If ¢ = 0 or ¢ = n then the corresponding vertices
will be called the bottom and the top vertex of 7, respectively.

Let n > 2 and [7] be a height n tower, 7 = (G, t). Then we have the two naturally
determined height n — 1 towers [r1] and [r2]. Namely, the subgraph of G, spanned
by the vertex subset V(G) \ L, (G) uniquely determines two height n — 1 tower
graphs, which coincide up to the (n — 2)-th level; we denote these height n — 1 tower
graphs by GG7 and G5, respectively, and consider the represented towers of height
n—1:7 = (Gy,t1) and 7o = (Ga, te), where t; = t|E(G) and t; = t|E(G2). These
represented towers in their turn define the height n — 1 towers [r1] and [7].

Remark 2.2. Clearly, 7, and 7, are different (as their supporting vertex sets differ).
But the towers [7;] and [r3] can coincide. For example, suppose that n = 2, Ly =
{’Uo}, L1 = {UH,’UH}, L2 = {UQ}, t(’l}o,’UH) = a, t('Uo,Ulg) = a, t(UH,Uz) = b,
t(Ulg, 1)2) =b.

Now we are ready to define the complex T. For n € N we put 7,, = @y, As,
where Tow, denotes the set of height n towers. In what follows Tow, will be
identified with the standard A,-basis of T,,. Each of T}, naturally inherits a graded
structure from that of A.. Correspondigly, we shall write

Tn = @ Tnz
=0

In particular Ty,0 = Doy, K.

The homomorphism d;: Ty — Ty = A, is defined by dy([7]) = t(1)X for every
[7] € Tow,, 7 = (G, ), and the unique element [ of E(G).

Now assume n > 2 and [7] € Tow,, for some height n represented tower 7 = (G, t).
Assume L,,_; = {vy,v2} and v; > vy (notation as above). As mentioned above, [7]
defines in a natural way two height n — 1 towers [71] and [75]. We can assume that
the top vertex of 7 is v; and that of 75 is v5. Under this enumeration of the towers
we put

dn([7]) = t(1) X[m1] = (12) X[72],
where [; and [, are the edges of G emerging from v; and v, respectively.



8 WINFRIED BRUNS AND JOSEPH GUBELADZE

Observe, that the definition of d,, is correct (it does not depend on the represen-
tatives).

Claim 1. T is a complex.

The equation dod; = 0 is obvious. Now choose [r] € Tow, for some n > 3.
We have d,([7]) = t(l;)X[r1] — t(l2) X [72], by the definition of d,,. Let the objects
li1, L2, [111], [T12] and lay, log, [T21], [T2e] relate to the towers [11] and [m3] respectively
in the same way as [y, ls, [11], [T2] relate to 7. Then one obtains

1l ([7]) = dp 1 (£(1) X [11] — £(12) X [2])
= t(1) X (t(111) X [r11] — t(l12) X [2])
— t(12) X ((121) X [r21] = t(122) X [722]).
On the other hand it is clear that [m1;] = [m21] and [713] = [m2e]. Therefore,
dy-1d,([7]) = X* (t(ll)t(ln) - t(lz)t(lm)) [r] = XQ(t(ll)t(ln) - t(l2)t(l22)) [712].

Now the oriented paths [l11/;] and [ls1l5] (in G) have the same origin and the same
end. The same holds for the pair of paths [l15l1] and [l22ls]. So, by the definition of
a tower graph,

I = t0o)t(lar),  t(1)E(Ie) = (1)t (las).

It follows that d,_1d,([7]) = 0. The verification of the equaility dydy([7]) = 0 for
any [7] € Tows can be carried out similarly.
Observe, that the d,, are graded and of degree 1 for all n > 1.

Now we define the desired graded free resolution of K with the natural augmen-
tation Jy (i. e. dy = Op)

F: "'HFgﬁFlﬁ)A*ﬁ)K—)().

We shall construct F;, and 0, inductively.

Since deg(d;) = 1 we have the inclusion of K-vector spaces d;i(T19) C Ay, where
we adopt the notation
Since K is a skew field there exists a subset By C Towy, satisfying the conditions
(a) d1|By: By — di(Typ) is injective;
(b) dy(By) is a K-basis of di(Ty).

We fix one such subset B; and put

Fl = @A*;
B1

F; will be identified with the corresponding graded direct summand of 77. Next we
define a surjective graded A,-homomorphism f;: T} — F} of degree 0, which is split
by the inclusion F} — T}, as follows:

Al = > aylel,  [7] € Towy,

[pl€B1
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where the elements aj, € K (all but a finite number of exceptions of them are zero)
are determined by the equation

di([7]) = > apdi([p]).

[pl€B1
By the construction it is clear that there exists a graded degree 1 homomorphism
0, of A,-modules, making the square

Tl LA*

oL

o1
F, ——— A,

commutative (of course we choose 0y = d;|F}).
Remark 2.3. f) can send a basis element of 77 to 0 € Fy. Indeed, if 7 = (G, 1) is

the height 1 represented tower whose single edge | € E(G) is mapped to zero by ¢,
then fi([r]) = 0.

Next we proceed further and define F» and 0y as follows. Again, we can fix a
subset By C Tows in such a way that

fldQ\Bzi By — Fy
is injective and fidy(Bs) is a K-basis of the K-linear subspace fids(T29) C Ti1,

where Fi; is the degree 1 component of the graded free A,-module F} = @;°, F1;.
Thereafter we put
Fy = @ As;
B>

F; will be identified with the corresponding graded direct summand of 7;. We define
a surjective graded degree 0 homomorphism fo: Ty — Fy of A,-modules, split by
the inclusion F; — T, by setting

£ = > alpl
[pl€B2
where the coefficients aj, € K are given by the equation
hda([7]) = > a(fada([o)).
[pl€B2

Again, there exists a unique graded degree 1 homomorphism 0,, for which the square

15 L}Tl

f2J f1l
02
FQ _— Fl

commutes. Continuing in this spirit we will obtain the infinite commutative diagram
of graded free A,-modules with graded degree 1 horizontal and graded degree 0
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vertical A,-homomorphisms

T: ... Tn dn L T2 da Tl dy A* do K 0
| I .
F: ... E, F, P2 A, 2K 0

In particular we see that ' is complex.

Remark 2.4. The construction of IF is the ‘minimization of T with respect to K-
linear relations’. In particular, all the towers mapped to 0 by the boundary map
of T had to be ‘killed’ (or, more generally, all the K-linear combinations of towers
which were cycles in T had to be ‘killed’ in the minimalized complex F).

Now the following claim completes the proof of the theorem.
Claim 2. F is acyclic.

The exactness at A, is clear. Assume ¢ € F), is a cycle for some n > 2. We write
c=> XNlpil

for some A\f € A, and [p;] € B,. Since 0, is graded, we can assume without
loss of generality that the A are homogeneous and of the same degree. The case
deg(Af) = 0 happens only if ¢ = 0, for otherwise we would obtain a nontrivial K-
linear dependence of the 0,([p;]) which is impossible by the definition of B,. Set
d = deg(\;) > 0. Then \; = \; X for each i with \; € A\ {0}. We have

On([pi]) = ti(la X foa([Ta]) — ti(lia) X fr1([72])

for certain height n — 1 towers [7;1] and [7i2] (p; = (Gy,t;), and U1, € E(G;) are
the ‘top’ edges).

Now we define new represented towers p; of height n as follows. We let the
corresponding tower graphs G, be defined by the vertex set (V(Gi) \ Ln(Gi)) u{v.},
where we assume v, ¢ Lo(G;) U --- U L,(G;) (i. e. V(G,) differs from V(G;) at the
highest level only). For the functions t;: E(G}) — A we put

;| E(G; \ top) = t|E(G; \ top),

where G’ \ top denotes the subgraph of G spanned by the vertex subset V(G}) \
L,(G;) and G; \ top is defined similarly . So G} \ top = G; \ top. We also preserve
the orderings of the sets Li(G}) = Li1(G), ..., L,—1(G}) = L,_1(G;). To complete
the definition of p} it remains to fix the values of t; at the two edges of G emerging
from L,,_1(G;) and ending in v} respectively. Assume L, (G;) = {v;} and L,,_1(G;) =
{Uh‘, ’UQZ‘}, Vo; < V15, We put

t/ (’Uli’U;) = )\it(vlivi) = Azt(lzl) and t; ('UQi'U;) = )\it(’UQiUZ') = )\lt(llg)

(]

The maps t; obviously satisfy the required conditions and, thus, p is well defined.
Observe that if \; = 1, then [p;] = [p}].
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For each index ¢ we now define a represented tower p; of heightn + 1 as follows.
The corresponding graph G; contains as subgraphs both of G; and G so that

Li(Gy) = Lj(Gi)<: LO(G;)) as ordered sets for j=0,...,n—1,
Lo(G) = {vi, v}, Lnwa(Gy) = {wi},

where w; ¢ Lo(G;)U---U L, (G;). Further, we fix the ordering of L, (G;) by putting
v; < v). Now we have to define the function #;: E(C?Z) — A. If | € E(G;), we put
t;(1) = t;(1), and if | € E(G?), then #;(I) = t}(I). There remain the edges (v;w;) and
(viw;) of Gy; we set

The verification that all the objects are well-defined is straightforward.
For all ¢ we clearly have the equations

dnr([il) = X[pi] = AiX[pi].
Therefore 0,11 fri1([pi]) = X(fn([p;])) — X\iX[pi]. This implies

0= anan+1fﬂ+1([ﬂi]) = X(anfnqp;])) - )\zxan([pz])
It follows that

0= Bu(e) = 0, (3 Xilpd) = 0 (30 XA o))
= X0, (3 AX[p) = X7 (30 Xufull6l])
= X130 (6.

On the other hand X? is not a zero-divisor on A,. So it is not a zero-divisor of the
free A,-module F,,_;. Consequently

Z anfn([p;]) =0.

But ¥, fn([pi]) € Fo and by the construction of the complex F the homomorphism
On|Fro: Fro — F,—11 is injective for all n > 1. Therefore Y, f,.([p}]) = 0. Finally
we get

7

= X! (Z an+1fn+1(—[ﬂi])) € Im(9p+1).

c= Z X pi] = Xd’l(z )\iX[pi]) = X! (ZO‘iX[pi] - an[ﬁi]))

This shows Ker(d,,) = Im(0,41) for n > 2. The verification of the equality
Ker(0;) = Im(02) makes no difference. One has to consider 1 € A instead of
fno1([ra]) and f,,_1([7i2]) and the very same arguments apply.
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